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Theorem 1 guarantees that there are nitely many invariants f1;:::;f, such that k[xi;:::;%x,]¢ =
K[fq1;:::;fm]: Suppose thatg; and g, are polynomials ink[ys;:::;ym], then

oa(fr;iinfm)=(fy i fm) 0 h(fy i fm)=0; 3)

whereh = g1 @. It follows that uniqueness of the algebraic relations fais if and only if a nonzero polynomial
h 2 K[y1;:::;ym] exists such that

h(fg;::5fn)=0: (4)

Such nonzero polynomialh is a



Let F = (x%;x3;x1x2) and let the new variables beu;v;w. Then the ideal of relations is obtained by
eliminating x1; X, from the equations

u= x2
V= X3
W = X1Xp: (20)

If we use the lex order withx; > x> >u >v >w , then a Groebner basis for the ideal






First consider Gs.0 or Gi.». Then, using the degree 2 representations from [2], rings oinvariants
K[x1;%2]®%° and K[x1;x2]®*2 are computed. Each of them is generated by thirteen polynondls. Later,
we compute the corresponding syzygy ideals. Then, the sixtpne non-trivial relations on these polynomials
are exactly the sixty one polynomials inyy;:::;yi3 generating | as shown below.

lE = hyiyioyis  YaYio  YoYii + Yayii, Y3 YiYa* YaYs  2YE; YaYa  YaiVa t YoYs  YaYs; Y3 Yivs  2yE;
YaYa Y1Ys  YaYs; YaYa  YoYs  YaVs; Vi  YaYs  2Vs; YaVe  Yiy7 t YaYo o 2YsYo: YaYe YiYs + YaYo
YaYo; YaYe  YiYo  Y3Yo, YsYe  Y2Yo, y?—, Y1iYio + YaY11  2YsY11; Y2Y7  YiYs + Y2Yo  YaYe; Y37 YiYe
2ysYo; Yay7  Y2Yo  YaYe; YsY7  Y3Yo; YeY7  Y2Yio; y% Y1iYi1  2YsYi1; Y2Ys  YiYe  YaYo; YaYs  Y2Yo
YaYo; YaYs YaYo  2YsYo; YsYs  YaYo; YeYs YiYi1  YaYi1; Y7¥s  Y2Y11  YaYii; yé YaY11  2ysYyi1;
YeYo  Y2Yi1, Y7Yo  Y3Y11; YgYo  YaYii, yé YsY11; YaY10  YiYir  2YsY11; YaYio  Y2Yi1  YaYii; YsYio
YaYi1; YeY10  YiYiz + Y2Y1s  YaYis; Y7Y1i0 Y11z 2YsYis; YsYio  Y2Y13  YaYis; YoYio  YaYi¥io Y



lr = hyli  YiysYi7 +4yayeyir  6ySYiz; dyayisYao+ Vi1 Yaysyis: YiVii  2YsYii  YiYaYis +4YaYsyis
2yaysY13; YaY51  YiYsYis +3YaYsYis  AYEYis: YaVii t2YsY5i  YaYsyis + YaYsYis; Yayii  YaYsYis*
2y5Y13: YhY20  YaYs +2VE: YiYieYao Vi1 Y2Yi2i Y2YieYoo  YiYis + YaYiz  2YsYisi 2Y1YirYao * Yiy
2y2y13 + YaY13; Y2Y17¥20  YaY13 + YsY13; 2YaY17Y2o Yii  YaYis; YaYirYao  YsYis; 4YsYirYao+ Yii  YaYis:
Y1Y18Y20  2YsY18Y20  Y2Yis * YaYis; Y2YisY20  YaYis + YsYis; YaYisYe0 t 2YsY1gY20  YaYis; YaYisY2o
YsYis; Y1Y10Y20 Y2Y16  Y2Y17 + YaYiz: Y7Yio¥ao YoYis  2YaYisi Y3 YiYa*t YaYs  2Y5: YaYs  YaYat
Y2Ys YaYsi Y3 Yiys 2YE: YaYa Yi¥s Yaysi YaYa YaYs Ya¥si Vi YaYs V& YaY7 V1Yo  YaYau:
Yay7  YiYii  YaYi1  2Ysyii; Yay7  YaYir  2YaYiri YsY7 Va1 YsYi1i Y2 Vi1 YaYiz + YaYisi YaYe
Yiyir  YaYi1i YaYo  Y2Yi1r  YaYiri YaYo  YaYir  2Ysyii; YsYo  YaYi1i YrYo  YiYis+ YaYisi Y5 YaYis
+Yay13; Y7Y11 + Vi YaY13 *+ Yayisi YoYi1  YaYi3 + 2YsY13; YaYiz  YiYis + YaYiz  2YsYi3; YaYiz  YoYas:
Ysy12  YaYis+ Ysy1s; Y7Viz  YiYis  YsYis; YY1z Y2Yis; YiiYiz  YaYis + YsYisi Yo YiYie * YaYi7
2ysy17; Y7¥13  YaY1s  YsYis; YoYi3  YaYis; Yi1Yi3  YsYis: YieYiz  YiYiz o YaYi7s yfs yayiz  2ysy17;
Y7y1s  Y2Y1e t 2YaY17; YoY1s  YiYi7 +2YsY17; Y11Y1s  Y2Yi7 + YaYi7; Yi2Yis  YiYis  YsYis; YisYis
YaYis  2Ysyisi Yis YiYao+2¥sY20i YaYie Y1Yir  2YsYi7i YaYie YY1  YaViri YsYie  YaYiri Y7Yie
YiYis  Y3Y1s  2YsYis; YoYie Y2Yis  YaYis; YiiYie YaYis; Yi2Yie  YiYio + Y2Y20  YaYoo; YizYie  Y2Y20

YaY20; YisY1e  Y7Y19 t YaY2o0; yfe Y1 2¥s, Y7Y17  Y3Yi8  YsYis; YoY17  YaYis; YiiYi7  YsYis: Yiz2Yi7

Y2Yoo0; Y
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