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Abstract. In this letter, the Lounesto spinor eld classi cation is ex tended to the
spacetime quantum Cliord algebra and the associated quantm algebraic spinor
elds are constructed. In order to accomplish this extensia, the spin-Cli ord bundle
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1. Introduction

The formalism of Cli ord algebras allows wide applicationsin particular, the prominent
construction of spinors and Dirac operators, and index theems. Usually such algebras
are essentially associated to an underlying quadratic vextspace. Notwithstanding,
there is nothing that complies to a symmetric bilinear form edowing the vector space [2].
For instance, symplectic Cli ord algebras are objects of lge interest. More generally,
when one endows the underlying vector space with an arbitsabilinear form, it evinces
prominent features, especially regarding their represeatton theory. The most drastic
character distinguishing the so called quantum and the ortigonal Cli ord algebras
ones is that a dierent Z,-grading arises, despite of th&,
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4. Classical spinors, algebraic spinors and spinor operato rs

Given an orthonormal basisfe g in
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where 1?2 = p. Now, the vector space isomorphisms

C\I;S. C\3;OI C\1;3%(1+ eO)I C4- H2
give the equivalence among the classical, the operatoriaind the algebraic de nitions
of a spinor. In this sense, the spinor spadd? which carries theD =20 D172 or
D(®=20) or D12 representations of SL(2C) is isomorphic to the minimal left ideal
C‘1;3%(1+ &) { corresponding to the algebraic spinor { and also isomorpti to the even

subalgebraC'7 5 { corresponding to the operatorial spinor. It is hence podsie to write
a Dirac spinor eld gs
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[(uvw) Jg = uvw + UV(WX ) uw(u;g/ )+ wAh (uyg/(vx ) + u(vx(wg )

v (uyw) +vAwh(uy ) vA(uy (wy )+ uy((vyw) )

vA (ux(wg ) (qu)v (VXW)UZ (29)
In (15) we used the minimal ideal provided by the idempotent

= 21+ o)@+i12)= A+ oti12tio1 2
Now, in C*(V; B) the formalism is recovered when we consider the idempotent
fg = 2(1+ 0+ilB 2+ioB 1y 2) (20)

where we let 1, 2 =( 128, o1 2=( 01 2)s;etc. inC(V;B). The formalism

B B
for C'(V;B) is mutatis mutandis obtained, just by changing the standard Cliord

product to

o= + A (21)

The last expression is the prominent essence of translitéireg C'(V;B) to C (V; g). For
instance, (15) evinces the necessity of de ning

f=31+ o)1+i12)2C(V;0: (22)
Now, inC C'%; we have
fg = 2(1+ O)B(1+i 1, 2)

=31+ A+i 1)+ LA+ A o Ap 1+ Ao o) (23)
Herein we shall denote
fg =1+ f(A) (24)

wheref (A) = %(A12+ Ao o A2 1+ Ao 2).
In the Dirac representation (A.3%), the idempotfntf in (22) reads

1 00O
f_%o 00 OE
" @0 000
0 00O
and as
0, 1, 27 0121tA0 2 Ao i1t Ao (25)
one c&n substitute E in (24) to obtain
1 00O
f _%o 00 og
BT @0 000
0 00O
0 1
2iA12 0 0 iAOZ AOl
1 O ZAlz iA02+A01 O
Lt 2
4 0 iAg+ Ao 0 0 (26)

iAoz Aor 0 0 0



Bilinear Covariants and Spinor Field Classi cation 10

When A =0 it implies that B = g and the standard spinor formalism is recovered.
Let us denote byC %, the Cliord algebra C'(V;B), whereV = R*andB = + A,
where denotes the Minkowski metric.

An arbitrary element of C'%; is written as

B=C+cC +c ( )Jst+tcCc ( )e+P(o123)B: (27)
By using (21, 25), (27) reads
= +c A +c (A + A + A )+ p A ( +A) (28)

where is an element in the standard Cli ord algebraC" ;.3 of the form given by (6).
Herein we shall rewrite (28) as

B= + (A)



Bilinear Covariants and Spinor Field Classi cation 11

23) 860; !'p=0.
&) 8=0; !g60.
4g) g=0=1!p; Kg860; Sg60.
5) g=0=1!g; Kg=0; Sg60.

Gg) s=0="!g; Kg60; Sg=0.

It is always possible to write:
B = + (A) (32)
Jg = J+ J(A); (33)
Sg = S+ S(A); (34)
Kg = K + K(A); (35)
lg =1 + 1 (A): (36)

In general, since we assum@ 6 O (otherwise there is nothing new to prove, as
when A = 0 it implies that C'(V;B) = C(V; @), it follows that all the A-dependent
guantities (A), J(A), S(A),
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Table 1. Correspondence among the spinor eld and the (quantum)B-spinor elds
under Lounesto spinor eld classi cation.

Quantum Spinor Fields Spinor Fields

type-(1g) B-Dirac Dirac type-(1)
Dirac type-(2)
Dirac type-(3)
Flag-dipoles type-(4)
Flagpoles (also Elko, Majorana) type-(5)
Weyl type-(6)
type-(2g) B-Dirac Dirac type-(3)
Dirac type-(1)
type-(3g) B-Dirac Dirac type-(2)
Dirac type-(1)
type-(4g) B-ag-dipole Dirac type-(1)
type-(58) B-agpole Dirac type-(1)
type-(6g) B-Weyl Dirac type-(1)
condition 'g = ! + I (A) 6 0 must hold. It is tantamount to assert that
06! 6! (A).

i) 60and! 6 0. This case corresponds to the type-(1) Dirac spinor elds
Here both the conditions 06 ! 6 ! (A) and 06 6 (A) has to hold.
3s) g =0;!g 60. Despite the condition! g 6 0 is compatible to both the possibilities
I =0and! 6 0 (clearly the condition ! 6 0 is compatible to!g 6 O if

I 6 I (A)), the condition g = O implies that = (A), which does not
equal zero. To summarize:
i) ! =0and 6 0. This case corresponds to the type-(2) Dirac spinor elds

The condition! = 0 is compatibleto!g 6 0, but as 6 0, the additional
condition g = + (A) 60 must be imposed. Equivalently, 06 6 (A).
i) 60and! 6 0. This case corresponds to the type-(1) Dirac spinor elds

Here both the conditions 06 ! 6 ! (A)and 06 6 (A) must be imposed.

45) g=0="1g5; Kg60; Sg60.

5) g=0=1!g; Kg=0; Sg60.

6g) s=0=1!p; Kg60; Sg=0.

All the quantum spinor elds 4g), 5g), and 6g) are de ned by the condition g =0 =

I'g. This implies that = (A)&0), and that ! = I (A)(& 0). It means that all
the singular B
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type-(1g) Dirac spinor elds correspond to all spinor elds in the orhogonal Cli ord
algebra. A deep discussion about these results is going to &&omplished in the next
Section.

7. Concluding remarks and outlook

The mathematical apparatus provided by the quantum Cli ordalgebraic formalism is a
powerful tool, in particular to bring additional interpretations about the underlying
standard spacetime structures. For instance, equations 4{86) illustrate that the
distribution of intrinsic angular momentum, formerly a legtimate bivector in the
standard Cli ord algebra C(V;g), is now the direct sum of a bivector and a scalar
when considered inC*(V; B) from the point of view of C (V; g), evincing the di erent
Z,-grading induced by the antisymmetric part of the arbitrary bilinear form B.
Furthermore, now, the bilinear covariantK is a paravector { the sum of a vector and
a scalar { which is not a homogeneous Cliord element. Indeedn C'(V;B) it is a
homogeneous 1-form, but ifC (V; g it is a paravector.

Some questions and possible answers can still be posed in tdomtext of the
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(5) spinor elds is a prime candidate to describe the dark ma&gr [19, 20]. In particular,
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elBeSBfB = H(iA2s A1+ (A Ap)en+ Ager 1Agse; (Ao iAp)es
€3+ i€23  €p13+ i€023);

estB = 2( (Aos+ iAgsA+ iAgiAzs  TA13AGR)L + iA e,  IAgse +

(L+iAp)es Ay + iIA13€ (1+ 1A1)€3 1Agzern +

iAg2€13 1A01€3 I€0123+ i€123);
eleB =30 (Aer iAg)l+e ey ep+ iep); (A.9)
where 1 denotes the unity ofC C'%;: Of course, when we sef\; = O for all the
coe cients of the antisymmetric part A appearing in (A.9), we obtain back the explicit
basis for the idealS = (C C'1.3)f shown in (A.1). Due to the relations (A.6),
the gamma matrices (A.3) also represent the generatoey;e;; e;; e; in the faithful
and irreducible representation of the algebr& C'%; in the ideal Sg. This can be

checked directly by computing these matrices in the explicsymbolic basis (A.9) with
CLIFFOR[22].

Appendix B. Additional terms in the quantum spinor elds

Recall from (31) that a B-spinor has the form
() (fe)=C ) T+ (A)T+( ) FA+( (A) T(A): (B.1)

where the term ( )Bf is the classical spinor eld displayed in (15). The remainigterms
in the above expression represent correction terms and areopided by:

(@) The term| 4i( (A))Bf(A) is given by

P B% (Ao (AoiAs2 + AzoAsi + AAgg) + ArpArs + AgaAn)
+ 7% (A2 (Ao1Az2 + Aoz + ApAze+ Agg) + ApArz + AgsAro)
+b% (A2 (Ao1As + Aozt + ApAz0)  AsAz  AziAor)
+ B2 (A10A01 + AzoAcz + AA1)
+ o[P(A13A01  A23A20+ 2A12A12A13+ A23A20A 12 + AzsA01A12) + SA1D]
+ 1[P(A12A13  A12A23 AosAor + AotA20Az2 + AotA20A13 + Ap2A12A03
+Ap3A12A21 + A23A01A10) + SAoi]
2[P(A0zA20 + AotA01Az2 + A13A01A02 + A13A20A02) + SAog]
3[P(Ao1Ao1 + Ap2A02 + Ap2A12A13 + A12A20A 10 + Ao2A20A12 + Ap1A12A13)]
o1 P BB (A13A% + AnAsg) + PP (AgsArz + AzAz)  bPAAL
02 P BPPALAN + PPAA + BPPA A
o Prl | A 3BT Z 3 Frofi % 88 -1.04d (1)-10
12 01A12t pa3Ag + b (A13Az0+ AgsA

+ + 4+ + o+ 4+
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+ 23 p BPBAALG+ BPEANA + B23A LA
+ 023A12A01

+ o031 (

17
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+ 1% (Ao2Ass + AzzAos + Azo) + B (Ap1Az + Agg)
+P(Az0A20 + Az2A01 + A21A20A13 + AzoA21A12 + AsoAzo
+AzA01 + AztA1z (Ao + Ago) + BP2AgsA,
+h2 (AnAL 1)+ P (Asr AgAz)
+ 1 B (A2A0+ A+ 2)+ P2 (AzAce 1)+ 0P (A AszAc)
+ B (AoiAz2 + A1Aso + Ago)
+b"% (A20A12+ Aor + Agz) + 7% (Azo + AszA20)
+P(A32A01A02 + Az0A20A12)]
+ 5 P (AAn 1)+ BP2(AxAor+ A +2) + B3 (AsoAor + Agg) AA20+2)+ b
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+ 3 A2A02 + AroAor + AppArr + BPAs + BPB(Ax + AgiAs) + BPAR

+ o1 BB AgsArn+ AziAn) + B PA(A1+ Age + B2 (Ap+ AAsr)
+BPBAA 0 + PA + BA,;

+ 02 PPAGAs + BPAA + B (A + AzAor)
+ 7% (A23A01 + AzoAss + AgoAr) + PAg + BPAg

+ 03 DAz

+ 10 BPPPA0Az + B2 (AAz + AsoArr + AsAcy)
+ 1722 (A13A01 + AgzAz0) + BrAoL + BPAQ,

+ 13 BPPAL + B'PA0 + PPAG + BPAg,

+ 23 B3 (Aoi(Acz + Ap) + Ago) + BP?°A, (B.5)
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