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THE AFFINITY OF A PERMUTATION OF
A FINITE VECTOR SPACE

W. EDWIN CLARK, XIANG-DONG HOU*, AND ALEC MIHAILOVS

Abstract. For a permutation f of an n-dimensional vector space V' over a
finite field of order g we let k-a [nifly(f) denote the number of k-flats X of V
such that f(X) is also a k-flat. By k-spectrum(n, g) we mean the set of integers
k-a [nitly(f) where f runs through all permutations of V. The problem of
the complete determination of k-spectrum(n, ¢) seems very di [cullt except for
small or special values of the parameters. However, we are able to establish
that 0 [Ckispectrum(n, g) in the following cases: (i) ¢g=3and1<k<=n—1;
(i) g=2,3=k=n-—1; (iii)g =2, k=2, n= 3 o0dd. The maximum
of k-a [mifly(f) is, of course, obtained when f is any semi-a [nelmapping.
We conjecture that the next to largest value of k-a [nifly(f) is when f is a
transposition and we are able to prove this when ¢ = 2, £k = 2, n = 3 and
when¢=3, k=1, n=2.

1. Introduction

It is a classical result, see, e.g., Snapper and Troyer [9], that if V is an n-
dimensional vector space over a field F such that n = 2 and |F| = 3 then a
bijection ¥ : V - V which takes 1-flats to 1-flats is a semi-a Chelmapping, that
is, there is an automorphism ¢ of F, an additive automorphism g :V - V and a
vector b [V such that g(ax) = a(a)g(x) for all x V1, a [CEl and

f(X) =g(xX) +b for all x V1.

We remark that if the automorphism o is the identity then g is just a non-singular
linear mapping and f is said to be a[nel This will be the case when F has no
non-trivial automorphisms.

The above result is not true when |F| = 2. In this case, a 1-flat in V is just a two
element subset, hence every permutation of V takes all 1-flats to 1-flats. However,
the above result has an easy analog for the case |F| = 2: A permutation of V which
takes every 2-flat to a 2-flat must be a [nel(cf. [5]).

Let Fq be the finite field with g elements and let F{ be the n-dimensional vector
space over Fq. In this paper, we are concerned with permutations of Fg. Let
Per(Fg) denote the group of all permutations of Fy. Recall that a k-flat (or k-
dimensional a [nelsubspace)
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It is well known that the number of k-dimensional subspaces of Fg is given by
the g-binomial coe [cieht
n_@-1D@'-1..@" -1
K (@k=1)(@x1-1)...(a* - 1)

and the number of k-flats in F{' is given by
C11

n
qn—k )
K g
It follows that 11
k-a CAify (F) + k-coa [CAY(F) = ¢"% E
q

for all permutations f of F{ and all 0 =k < n.

The cases k = 0 and k = n are trivial and we shall ignore them.

Definition 1.2. For integers 0 < k < n and prime power g, we define k-spectrum(n, q)
to be the set of values k-a [nitly(f) for all f CPer(Fg).

The present paper is a continuation of the second author’s work [5]. In [5],
the notion of 2-a [nifly of permutations of F5 was implicitly introduced and per-
mutations of F5 with 2-a [nifly 0 were studied. We point out that a permutation
f [CPer(FY) with 2-a [nifly(f) = 0 is an almost perfect nonlinear (APN) permuta-
tion. APN permutations arose in cryptography as a means to resist the di [erential
cryptanalysis [2, 8]. APN permutations of F5 are known to exist for odd n = 3
([2, 7]) and not to exist for n = 4 ([5]). Their existence for even n = 6 is an open
guestion. For recent work on APN permutations and related topics, we refer the
reader to [1, 2, 3, 4, 5]. However, we must remind the reader that this paper is not
a response to any problem from cryptography. Rather, it is a pure mathematical
exploration.

Our primary interest is the set k-spectrum(n, q). In particular, we would like to
know if 0 [Ckispectrum(n, g) and what the second largest numbeﬂﬂ—spectrum(n, q)
is. (The largest number in k-spectrum(n, q) is, of course, q" ¥ K q.) In Section 2,
we show that with few exceptions, 0 [Kspectrum(n,q). The result of Section
2 relies on an inequality involving g-binomial coe [ciehts whose proof is given in
Section 3. Hou [5] showed that 2-spectrum(4,2) is

{5 - 20, 22, 24 - 26, 28, 30, 32, 36, 38, 44, 48, 52, 56, 76, 84, 140}

where a — b denotes all integers from a to b. More examples of k-spectra are given
in Section 4. In Section 5, we determine (n — 1)-spectrum(n, 2) completely. These
examples and results led to the conjecture that the next to largest k-a [nifly is
that of a transposition. We compute the k-a Cnifly T (n, k, q) of a transposition in
Per(Fg) in Section 6. We call this conjecture The Threshold Conjecture since it
says that if k-a [nifly(f) > T (n, k, q) then T takes every k-flat to a k-flat. We prove
that the conjecture holds for ¢ = 2, k = 2, n = 3 in Section 7 and for g > 2, k = 1,
n =2 in Section 8.

2. When k-affinity(f) =0

It should be noted that there appears to be no clear relationship between k-
a [nifly(f) and [z Cnifly(f). For example, there are permutations 1, f;, f3, f4 in
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Per(F3) such that
1-a [nifly(f;) = 1 and 2-a [nitly(f;) =0
1-a [Cnifly(f;) = 0 and 2-a [Cnitly(f,;) =1
1-a [nifly(f3) = 0 and 2-a [nifly(f3) =0
1-a [Cnifly(f;) = 1 and 2-a [Cnifly(f,) =1

In the following theorem, we see that with few exceptions there is a permutation
T [Per(Fg) such that simultaneously k-a [nify(f) =0 forall 1=k =n—1.

Theorem 2.1.

(i) Ifg=2and n =3 is odd, there exists f [Per(F}) such that 2-a [nifly(f) =
0.

@ii) If g=2and n =4, there exists f [Per(FY) such that k-a Cnifly(f) = 0
forall3=sk=n-—1.

(i) 1f g=4 and n = 2, there exists f [Per(F) such that k-a [nity(f) = 0 for
all=sk=sn-—1.

(iv) If g =3 and n = 3, there exists ¥ [Per(F5) such that k-a [nifly(f) = 0 for
al2=sk=n-—1.

(v) If g=3 and n = 2, there exists f [Per(F%) such that 1-a [nifly(f) = 0.

The proof of Theorem 2.1 is spread out in parts in the rest of this section. Part
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Hence if g and m satisfy one of the conditions in Theorem 2.3 and n > m, we have
o e S T e w—
o= 70 @ =g <g™.

k=m k=m q
Thus there exists f [Per(Ff) such that f Elk; :ml . 1
Note that inequality (2.2) does not cover the case ¢ = 3 and m = 1, that is, part
(v) of Theorem 2.1. This case is dealt with as a corollary to the following lemma.

Lemma 2.4. Let F be any field. If the permutations f: F" - FPandg:F™ -
F™ each have 1-a [niil 0 then the permutation f xg: F"xF™  F"x F™ has
1-a [niiy 0.

Proof. Assume to the contrary that there exists a 1-flat X in F" < F™ such that
(Fxg)(X)isalsoaflat. Letm : F"<xF™ - Flandmp, : FP < F™ o F™ be
the projections. Then either m;(X) is a 1-flat in F" or mp(X) is a 1-flag in F1.
Wiﬂout loss o@enerality, assume that the former is the case. Thus f m(X) =
my (F < g)(X) isa 1-flat in F", which is impossible since 1-a [nifly(f) = 0. —1

Corollary 2.5. If n = 2, there exists f [CPer(F%) such that 1-a [nifly(f) = 0.
Proof. By Lemma 2.4, it su [ced to show that
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Clearly,
N | —1
@ -iH= @™ —qi).
i=2 1=<i=qg"—2
igqgh—?

Thus it su [ced to show that
qn -1 qn _ qk
— k — < n — k — )
g"—(k—=1) q"—(gx—1)q
Inequality (3.3) follows from
@ —g9@" = (@ -1) - @" —1@" - (@~ — 1)
=@ -1@"@—-2)+3¢“—q)

(3.3)

>0.
Lemma 3.2. Forq=4,k=1,0orq=3, k=2, 0orq=2, k=3,
K1
k 1
(3.4) %B K
qk
Proof. The left hand side of (3.4) equals
qk+l_1. 2.3 . k.qklthk_i
qk+1 (q — 1)2(qk+1 — qk + 1)(qk+1 — qk + 2) q - qk+l E—
In this product,
qk+1 -1
et <t
and for every 1< i<k —4,
_gemi
(3'5) qk+1 —i—1" q
(To see (3.5), note that since q = 2, we have gk*1 — i — 1 = ¢k** —qi.) Therefore,
it su [ced to show that
6 1

@ D2 =+ D@ - +2) g

Let . man 1
— 2 k—2 1 k—2 2
f(g,k)=(@—1)° ¢ (q—1)+q7 q (q—1)+q7
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ane d I:II<—2 2 - k—2 k—3 -3
dq ¢ (q—1)+q—2 =k=—1Dg" "= (k=2)q" " —497" =0.
Hence f(q, k) is increasing with respect to g for g and k in the above range. Thus,
forq=4and k=1,
819

f(q,k)=Ff4,1) = 158 > 6;
forq=3and k =2,

f(q,k)=1(3,2) = %io > 6;

forq=2and k =4,

(g, k) =1(2,4) = % > 6.
For g =2 and k = 3, (3.4) is verified directly:
I:I‘Z_‘|4
S i 1
2 286 32 223
23
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A partial spectrum for k =2,n=3,9 =3:

{0 -9, 11 - 13, 15, 21, 39}

The full spectrum for k =2,n=4,q=2:

{5 - 20, 22, 24 - 26, 28, 30, 32, 36, 38, 44, 48, 52, 56, 76, 84, 140}
A partial spectrum fork =2,n=5,q = 2:

{0, 9 - 416, 418, 420, 422, 424, 426 — 428, 430 — 432, 434, 436 — 440, 442, 444 —
452, 454, 456 — 462, 464, 466, 468 — 472, 474, 476, 480, 482, 484, 486, 488, 490, 492,
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5. (n —1)-spectrum(n, 2)

In this section, we will determine (n — 1)-spectrum(n, 2), which is the set of all
(n — 1)-a [Cnifies of permutations of FY. The standard dot product of a,b [CEL is
denoted by [@ b[JEvery (n — 1)-flat in F5 is uniquely of the form

H(a, D= {x [E} : [@x[F [}

for some a [CH; \ {6} and 5§l B,. Let f [ Her(F]) If for-spme a [BE7 \ {0}
and some (I Fb, f H(a,d is an (n — &Tflat, say f:lH(a, D1 = H(b, d) for some
b CEP \ {0} and & CE}b, we must have f H(a,1+ D1 = H(b, 1+ 3). Therefore, for
each such a and b, there exists %65) such that

(| ]
(5.1) f H(@a t) =H b,o(t) forallt [Fb.
Lemma 5.1. Let f -éIF”) and let
(| I
Ve ={0} C A CEP\{0}: f H(a,0) |s an (n—1)-flat .
Then Vg is a subspace of Fj

Proof. For a;,a, [k, we prove that a; +a, [CVk. We may assume that a; £ 0,
a, B0, and a3 & a,. By (5.1), there exist b; CER \ {0} and ¢; [Per(F,), i =1,2,
such that O OO .
f H(@j,t) =H b;,ei(t) forall t CE}.
Clearly, b; & by,. Since F, has only two permutations, t 3 tort 3 t+ 1, we see
that @, + @, is a constant, say LIFofgny x (al +ay,0), lett = @y, x[F @, x[1
Then x [H(a;, t), hence f(x) [CH b;, @i(t) . It follows that

(b} + by, F(X)F @1 (t) + (Pz('lf)__lz |
i.e., F(x) [CH(by+b,, DI Thus we have proved that f H(a;+az,0) = H(bi+by, DJ
which implies that a; +a, [VE. 1

Theorem 5.2. Let n > 2. Then
(n — 1)-spectrum(n,2) = {2' —2:1<i<n+1}.
Proof. For each f [Per(F}), by Lemma 5.1, we have
(n — 1)-a [nifly(F) = 2|Vs \ {0} = 29MVs+1 —2 @' —2:1<i<n+1}.
It remains to show that for each 1 < i < n + 1, there exists f [Per(F}) with
(n —1)-a Cnify(F) = 2' — 2.
We prove this claim by induction on n. For n = 3, the claim was established by
computer as mentioned in Section 4. Assume n > 3. If i = 1, the claim follows from
Theorem 2.1. Thus we will assume 2 < i < n+1. By the induction hypothesis, there
exists g EEbr(Fg‘_l) such that (n — 2)-a [nifly(g) = 2'~1 — 2. Define f [CPer(FY)
by f(c,x) = (¢c,9(x)), ¢ CEb, x CER~. Clearly, {i} x F5~*, i = 0,1, are mapped

into flats by f. Let X [E¥ be any (n — 1)-flat other than {i} % Fg_l, i=0,1,
such that f(X) is a flat. Write

(| Y .
Xn {i}xFy™" ={i}xU;, i=0,1,
where U; IZF_‘} is an (n — 2)-flat and Uo = Ul or Fy~ 1\ U;. Then
] ]
(5.2) X = {0} x Uy |:{1} x Uy .
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then k-coa Lnifly(f) =0, i.e., f CAGL(n, Fy). Equivalently, if

A Y it W

k-a Chity(f) > e -1,

then k-a [oifly(f) = q" K ;k . That is, the next to largest k-a [nity is that of a
transposition.

This conjecture is supported by the examples in Section 4 and the result in
Section 5. More importantly it is supported by the proof forq =2, k=2, n>2in
Section 7, and the proof for g > 2, k =1, n > 1 in Section 8.

7. Proof of the Threshold Conjecture for k=2, q=2

Recall that a 2-flat in F} is simply a 4-element subset {X1, X2, X3, X4} such that
X1+ X2+ X3 +X4 = 0. For f [Per(FY) and a 2-flat X [CEY, £(X) is a 2-flat if and
only if f is a Cnelon X.

For the proof in this section, the reader’s familiarity with the Fourier transforma-
tion of boolean functions will be helpful. We first introduce the necessary notation.
The set of all functions from FJ to F, is denoted by Pn. Every function in Py is
uniquely represented by a polynomial in F2[Xq, ..., X,] whose degree in each X; is
at most 1. Namely,

Pn = F2[X1, ..., Xnl/XZ = X4,..., X2 — X,

For each g [P}, put |g] = |g~%(1)|. The Fourier transform of g [P}, is the function
§:FY - C defined by

1
§@ = (-L9rExTT a [Ep,
XT3

where [a] x[ds the standard dot product in F3. Clearly,

(7.1) §(a) =2"—2|g+ [a [

Note that for n =2, |g + [@ -[= |g| (mod 2), hence
g(a) =2[g| (mod 4).

It is well known (also straightforward to prove) that

(7.2) g(a) IQ: 22n
alEd
and
C 11 | — L1
(7.3) g(a) IIJ: 2" (—1)9+a+g09
alEd alEl x[E3

(Equation (7.2) is the Parseval identity; equation (7.3) is a relation fE}W the
Fourier transform and the convolution of the function. Cf. [6].) FA< §(a) " <B
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for all a CEJ, from (7.2), we have

Lgl_all L 1 Avgled
= 9@ -

2n

2 2
alFg
L1 7 LA+ B ]
= 3@ -(a+B) g w2 228
alE3 alEd @ |_2__|
- 5@ A By + 2 mE B
atFg
Thus
n d(a) @s 2°"(A+B) —2"AB.

alF3
ﬁ,@oining the above with (7.3), we have

(7.4)RB

13



14 W. EDWIN CLARK, XIANG-DONG HOU, AND ALEC MIHAILOVS

Thus Jg+ @ -0F=1or 2" —1. Let
—1
a -1 if|g+ M@ -[=1,
@ -1 ifjg+ @ -J=2"—-1.

Then |g + h| =1, as claimed.
Now assume that |g + h| = 1 for some h [P, with degh < 1. Then for every

a [CEp,

h =

g+ @ -0=2""1+1, or1,or 2" — 1.

]
It follows from (7.1) that §(a) = 2 or (2" —2). Hence §(a) el_ 22 or (2" —2)?
for all a CE. Therefore the equality holds in (7.5). 1

Theorem 7.2. Let n =3 and f [CPer(F7) \ AGL(n,F;). Then

2-coa [nifly(f) = 2(2“—1 —1)(2"2 —1).

The equality holds if and only if f CAGL(Nn, F2) >t +AGL(Nn, F2) where T [CPer(FY)
is any transposition.

Corollary 7.3. The Threshold Conjecture (Conjecture 6.2) holds for g = 2, k = 2,
n>2.
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Then 8 1
2-coa [nitly(f) = 5|G| = §|G|.
We have
1
|G| 23(n 1) _ (_1)G(y,a,b)
y.abEy"t
14 1
= 2 23(n—1) _ (—1)9: N+ y+)+ga (y+b)+ga (y+a+b)
2
a I:E;—l y,b EE;]—l
1 [ I S |
= 2 23(n—1) _ (—1)9:MN+0y+2)
2
O o pEE 6
1
=3 23(=1) — %&“—D + (@21 -1)(2" 1 —4)? " (by Lemma 7.1)
=28t —1)(2" 2 —1).
Therefore,

2-coa [nify(f) = %|G| > g(zn—l —1)E"2—1).

If the equality holds in the above, then the equality in (7.5) holds with g; in
place of g. By Lemma 7.1, there exists h [P,—; such that |g; + h| = 1. Using a
linear transformation, we may replace g; with g; +h. Thus we may assume |g;]| = 1.
Then clearly, O O
f= X1+gl(X2,...,Xn), Xo, ..oy Xn
is a transposition.

Case 2. f(x+d) + f(x) & constant for all d CEP \ {0}. For each d CE} \ {0},

let Ifnl 1
A(d) = {x x+d}:x EEE
(el O
2

where denotes the set of all 2-element subsets of FZ. Denote {f(X) : X [
A} by (A(d)) (an abuse of notation for the convenience). By the assumption,

f A() ICAc) for every ¢ [CER \ {0}. Since the subsets in A(d) and A(c) form
partitions of FZ, we have

L1
(7.6) E A(d) n A(c)EL 2"t —2,
We claim that we can partition F5 \ {0} into A and B such that
[ R
A) n A(a)

2
a Al
120" ﬂ?@ﬁ )

b [E]1

Note that A(a), a CEL \ {0} form a partition of If E (a) éﬁfor

all a CEL \ {0}, choose a;,a; [CER \ {0} distinct such that (d) n A(aj)

i 2.TFhen Ay= {a1, a2}, B = F7 \ {0,a;,a;} have the desired property. If
A(d) nA(a)-= 2 for some a CER \ {0}, let A={a} and B = F} \ {0,a}. By

(7.6), we have

L1
DA(d)Er'w A(b) E@: 2n=1_ EDA(d) = A(a)Hz 2.

b [B1
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Hence A and B also have the desired property.
Therefore, among the 2-flats which are a union of two elements in A(d), there
are at least
2.(2"1-2)
on which f is not a [nel Since this statement is true for all d CER \ {0}, it follows
that
2-2"1=-2) (2" -1

2-coa [nitly(f) =
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] ] ]
By (7.7), g (X2,%3)B + bm!':; g (X2,%3) +b™~1 | Thus
Ol Hm 1 O
g(X2,X3) + 0 (X2,X3)B +b™ = g(xz,X3) + g (X2, X3) +b'B

has degree < 1 since degg < 2. Therefore T > f -1 LAGL(3, F2)—

( D—Aksume to the contrary that f(a) + f(0) & a. Then ¥ {0,a} & {0,a}.
Without loss of generality, we may assume f~1(0) Y40, a}. By the proof of ( )il
(i), it su Cced to show that there is a 2-flat A
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Proof. Among the g+ 1 parallel classes of lines in Fg, we first assume that at most
one parallel class has the property that all lines in the class are mapped to lines by
f. In each of the remaining q parallel classes, there are at least 2 lines which are
not mapped to lines by . (Since the lines in a parallel class form a partition of
Fg, it cannot be the case that exactly one line in a parallel class is not mapped to
a line.) Therefore 1-coa [nifly(f) = 2q.

Now assume that there are two parallel classes of lines in Fg such that all lines
in the two parallel classes are mapped to lines by f. By composing suitable linear
transformations to both sides of f, we may assume that ¥ maps all horizontal lines
to horizontal lines and all vertical lines to vertical lines. (A horizontal line in Fg is
a line with direction vector (1, 0); a vertical line in Fg is a line with direction vector
0,1))

Assume that for every z IZEE there is a line through z which is not mapped to
a line by f. Then there are at least two lines through z which are not mapped to
lines. Since each line contains g points, we have

202
1-coa [nitly(f) = R = 20.
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where b CEL\{0}. Then f(L) is the line through (¢(a), 0) and (0, (b)). (See Figure
1.) For each x LE}, the intersection of L and the vertical line through (x, 0) is

X, —g(x —a) ;

the intersection of f(L) and the vertical line through (¢(x),0) is

1
_o® Ly
0(x), 0@ o(x) — 0(a)
By (i), we have - - - -
b o) _
0 a(x a) = @ o(xX) —0(@) .
Using (8.1), we obtain
(8.2) o(@a—x) =9(a) — 9(x).
For any b,x [CF}, by (8.1) and (8.2), - -
(8.3) @(ba —bx) = @(b)p(a —x) = @(b) @(a) —o(x) = @(ba) — @(bx).

Combining (8.1) and (8.3), ¢
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First assume that there are at least 4 points as,...,a4 IZEQ \ (H; [H; [Hj)
such that f(a;) & (aj, 0). From the above,

D—s 2 L4
1-coa [nify(f) =4 " °(q“+q—6)—1 — )
=49""%(q* +q—6) — 10
>qn_l,
q—1

Next, assume that there are exactly s points ag,...,as IZEQ \ (H: A, [H3),
where s = 2 or 3, such that f(a;) 8 (aj,0), 1 <i<s. Then for every line L passing
through exactly one of ay,...,as, f(L) is not a line. Hence

qg"—1 %ﬂj qg"—1
- >gq. — >
1-coa [nifly(f) = s =1 22 =1
Finally, assume that there is exactly one point a ["H;' \ (H; ['H> [Hg) such

that f(a) & (a,0). Then the lines in F{ which are not mapped into lines by f are
precisely the ones passing through a. Thus,

q" -1
g—1"

1-coa [nitly(f) =

Theorem 8.4. Let n=3 and f [Per(F{) \ ArL(n,Fg). Then

Fo (@1 —1)
1-coa [nity(F) =29 :qqfl.
a q

The equality holds if and only if f CAL(n, Fg)>T>ArL(n, Fq), where T [CPer(Fy)
is any transposition.

Proof. The arguments in this proof are very similar to those in the proof of Lemma 8.3.
Case 1. For any two nonparallel hyperplanes Hy and Hy in Fg, f is not semi-
a [nelon at least one of H; and H,. By Lemma 8.3 and (8.4),

Q*@" 1) _ 20@"t - 1)
q-1 q-1

1-coa [nitly(f) =

Case 2. There are two nonparallel hyperplanes H; and Hy in Fg such that f is
semi-a [nelon both H; and H,. By the proof of Lemma 8.3, we may assume that
fln, = id, fln, = id.

Case 2.1. For every hyperplane Hs in Fy such that HinH; (1 =i <]j <3)
are 3 distinct (n — 2)-flats, f is not semi-a [nelon H3. By (8.8), we have

— L1 n—1_
l—coaljﬂl/(f)quT—f_ll—z —(q—1)>2q(qq_111).

Case 2.2. There exists a hyperplane Hz in Fy such that HinHj (1<i<j <3)
are 3 distinct (n — 2)-flats and T is semi-a [nelon H3. By the same argument in
Case 2.2 of the proof of Lemma 8.3, we have

f(x) =x forall x (H; (A, [H;.
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First assume that there are at least 5 elements a,,...,as IZEL1 \ (H: [H, [HkL)
such that f(a;) 8 aj, 1 <i<5. By (8.10), we have

L5, 2 L5 —3.2
(8.11) 1-coa[nity(f)=5q" °(“+q—6)—1 — 9 =5q""°(q° +q—6) — 15.
When q = 4, we have
2q(q" ' —1)

50"°(q" +9—6) — 15> — —

When g = 3, any line L in F3 with |L n (H1 [CH2H 97474 841
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