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3 The case p − q (mod 8) = 2, 0

In this case Cp,q ≈ M(2
p+q
2 ,R). In complete analogy to the previous case we

obtain the following classification of idempotents:

IDEMn(Cp,q) ≈ GL(N,R)/ (GL(n,R) × GL(N − n,R)) ,

where N = 2
p+q
2 , n = 0, 1, 2, . . . , N . In particular,

dimR IDEMn = 2n(N − n).

4 The case p − q (mod 8) = 4, 6

In this case Cp,q ≈ M(2
p+q
2 ,H). As before1) we easily conclude that in this case

IDEMn(Cp,q) ≈ GL(N,H)/ (GL(n,H) × GL(N − n,H)) .

N = 2
p+q−2

2 , n = 0, 2, 4, . . . , N , and2)

dimR IDEMn(Cp,q) = 8n(N − n).

5 The case p − q (mod 8) = 1

In this case Cp,q = M(2
2+q−1

2 ,R) ⊕ M(2
2+q−1

2 ,R). Taking into account idempo-
tency condition we can diagonalize idempotent A in this case to the form Πn,m =
diag{1, 1, . . . , 1︸ ︷︷ ︸

n

, 0, . . . , 0︸ ︷︷ ︸
N−n

; 1, 1, . . . , 1︸ ︷︷ ︸
m

, 0, . . . , 0︸ ︷︷ ︸
N−m

} where N = 2
p+q−1

2N−
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N = 2
p+q−3

2 , n = 0, 2, 4, . . . , N , m = 0, 2, 4, . . . , N , and

dimR IDEMn,m = 8(n(N − n
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then we find

A =
1
2

(e0 + y1e1 + z2e2 + z3e3 − z1e12 + y2e23 − y3e31) .

In both cases, �y and �z satisfy (1) and (2).

7.2 The case p − q (mod 8) = 2, 0

The lowest dimensional Clifford algebras in this case are C2,0 and C1,1. We express
all elements of these algebras in the following basis:

C2,0 = span{I, σ3, σ1
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8 Conclusions

We have demonstrated that idempotents of Clifford algebras form algebraic
varieties. These are smooth manifolds in the natural topology. Since idempotents
can be used to generate left and right spinor ideals which carry representations of
the algebra under consideration, these varieties contain valuable information about
invariant subspaces and the representations. Since Clifford algebras can in general
be obtained by tensoring lower dimensional Clifford algebras, present work provides
information about tensor product representations that is valuable for branching
processes and, possibly, for quantum information processing.

An obvious task for future research is to study intertwiners between the idem-
potent orbits. This is related to topological questions about the Witt ring on repre-
sentations and should then be related to Brauer-Wall groups. One might expect to
gain insight via, for example, Hopf fibration of spheres into the number and mutual
relations of the intertwiners. Furthermore, it may be promising to reinspect the
Radon-Hurwitz number involved in the matrix algebra isomorphisms, which counts
the number of global vector fields, by performing the present work directly in an
algebraic setting without using the matrix representations.
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